The absorption of large bipolarons is investigated using the path-integral method. The response of a bipolaron to an external electromagnetic field is derived in the framework of the memory function approach. The bipolaron optical absorption spectrum consists of a series of relatively narrow peaks. The peculiarities of the bipolaron optical absorption as a function of the frequency of the electromagnetic field may attributed to the transitions involving relaxed excited states and scattering states of a bipolaron.
I. INTRODUCTION
The optical and kinetic properties of polar and ionic solids are substantially influenced by the polaron coupling. Large polarons have been most clearly manifested by investigations of their transport properties in magnetic fields (see the recent review on polarons 1 ). When two electrons (or two holes) interact with each other simultaneously through the Coulomb force and via the electron-phonon interaction either two independent polarons can occur or a bound state of two polarons -the bipolaron -can arise (see Refs. 2-7 on large bipolarons and a comprehensive review 8 concerning small bipolarons). Whether bipolarons are stable or not, depends on the competition between the repulsive forces (direct Coulomb interaction) and the attractive forces (mediated through the electron-phonon interaction). Verbist et al. 5, 6 analyzed the large bipolaron using the Feynman path-integral formalism 9 . They introduced a "phase-diagram" for the polaron-bipolaron system on the basis of a generalization of Feynman's trial action and showed that a Fröhlich coupling constant as high as 6.8 is needed in 3D to allow for bipolaron formation. In Refs. 5,6 it was shown furthermore that the large bipolaron formation is facilitated in 2D as compared to 3D. Experimental evidences for bipolarons, e. g. from the data on magnetization and electric conductivity in Ti 4 O 7 , as well as in Na 0.3 V 2 O 5 and polyacetylene, is discussed by Mott 10 . In the framework of the renewed interest in bipolaron theory [2] [3] [4] [5] 7, 8 , a preliminary analysis of the absorption of large bipolarons without a magnetic field was given 11 . A variational treatment of both spin-singlet and spin-triplet states of large bipolarons (in 2D) and for sufficiently strong coupling in high magnetic fields has been presented in Ref. 12 . In Ref. 13 , the path-integral approach for a bipolaron 5 was generalized to the case of a bipolaron in a magnetic field for all values of the Pekar-Fröhlich coupling constant and for all magnetic field strengths. It was demonstrated, 13 that the magnetic field favors bipolaron formation. The first investigations of the optical absorption spectrum of large bipolarons in a magnetic field were performed in Refs. 14,15.
II. APPROACH
We investigate here the optical properties of the bipolarons using the formalism and the denotations of the papers 16, 17, 15 . The Hamiltonian of two electrons, interacting with longitudinal optical (LO) phonons and between each other, iŝ
with the interaction amplitudes
We consider the equation of motion for the vector function R (t) which has the sense of the average coordinate response per one electron,
where the symbol of averaging denotes the path integral over trajectories of the electrons taking into account the exact influence phase of the phonon subsystem
This influence phase describes both a retarded interaction between different electrons and a retarded self-interaction of each electron due to the elimination of the phonon coordinates. It contains the Fourier components of the electron density operators
and the phonon Green function
We have calculated the optical absorption coefficient for a bipolaron in the memory function approach 16, 17, 15 ,
where the memory function T (ω) has the form
It is expressed in terms of the two-point correlation function ρ q (t) ρ −q (0) S 0 of the electron density operators. This correlation function is calculated as a path integral with the auxiliary model action functional S 0 derived in Ref. 6 . The auxiliary model system chosen in Ref. 6 presents itself two electrons harmonically interacting with two fictitious particles and between each other. The parameters of the model system are treated as variational parameters. By the variational procedure, those variational parameters are obtained for the physical system of 2 electrons interacting with the phonon field and between each other. In the zero-temperature limit T = 0, we have derived the analytical expressions for the real and imaginary parts of the memory function for a bipolaron in three dimensions:
where α is the electron-phonon coupling constant. The parameters s i (i = 1, 2, 3) in Eqs. (9), (10) are expressed through four independent variational parameters of the bipolaron model functional: Ω i (i = 1, 2, 3) and ν (see Ref. 6 ). Namely,
The functions f n (ω) and g n (ω) are given by the expressions:
with the parameters
Note that according to Ref. 6, the inequality Ω 1 ≥ Ω 2 ≥ ν ≥ Ω 3 is imposed on the variational parameters.
The memory function for a 2D bipolaron is related to that for a 3D bipolaron (9), (10) by the scaling relation (cf. Ref. 6):
III. OPTICAL ABSORPTION SPECTRA
The bipolaron optical absorption spectra are illustrated in the present section. In Fig.  1 , the real ReT (ω) and imaginary ImT (ω) parts of the memory function for the 3D bipolaron are plotted as a function of frequency ω for α = 7 (the value which is close to the minimal possible α for the bipolaron formation α min,3D = 6.8). Analogously to the case of polaron optical absorption 18 , the peaks of the optical absorption spectrum arise as a result of the interplay of two factors: (i) peaks of ImT (ω) and (ii) peaks provided by the passing of ReT (ω) through the points which obey the equation ReT (ω) = ω 2 (which correspond to the crossing points of solid and dotted curves in the panel a of Fig. 1 ). Based on the aforementioned analogy with the analysis of Ref. 18 , the peaks of the bipolaron optical absorption as a function of the frequency of the electromagnetic field may be, as a preliminary, attributed to the transitions involving, i. a., relaxed excited states and scattering states of a bipolaron. The analysis of the physical nature of the peaks is in progress.
The bipolaron optical absorption spectrum consists of a series of relatively narrow peaks, as shown in Fig. 2 (for a 3D bipolaron) and in Fig. 3 (for a 2D bipolaron) . Topologically, the curves corresponding ReT (ω) and ω 2 can intersect each other only in an even number of points, so that there occurs a series of double peaks (doublets) in the optical absorption spectra, which are clealy seen in Figs. 2 and 3 . Usually, the left-hand-side peak of each doublet is extremely narrow, since the linewidth of a peak of [ImT (ω) /ω] is very small in respective points. This linewidth is provided by the tails of the peaks of the functions g n+k+l (±ω − 1 − nΩ 1 − kΩ 2 − lΩ 3 ) whose maxima are positioned to the left with respect to the frequency under consideration. The right-hand-side peak of a doublet usually overlaps with a peak provided by ImT (ω) , hence it is wider than the left-hand-side one.
IV. SUM RULES
It follows from the general analytical properties of the memory function, that for the real part of the optical conductivity
the following sum rule is fulfilled (see, e. g., Ref. 19 ):
where m * is the bipolaron effective mass. For the bipolaron optical absorption spectra, shown in Fig. 2 , we have proved this sum rule to be fairly obeyed.
In Ref. 20 , the ground state theorem for a polaron has been derived which relates the polaron ground state energy to the first moment of the optical absorption spectra. The extension of this theorem to the bipolaron can be performed in the same way as in Ref. 20 
where α 1 and α 2 are two arbitrary values of α; χ jj (ω, α, η) is the current-current correlation function 20 . For a bipolaron, we choose η and both α 1 and α 2 within the region of the bipolaron stability. The function Imχ jj (ω) for a bipolaron is expressed through the memory function T (ω) as
In Fig. 4 , the equality (18) The index "1" denotes the ground state energies calculated by the variational method, while the index "2" denotes the ground state energies calculated on the basis of the bipolaron optical absorption spectra using the ground-state theorem [20] . 
